Abstract. We provide a real analog of the Yau-Zaslow formula counting rational curves on K3 surfaces.
Introduction
We suggest, as a real analog of the Yau-Zaslow formula [23] , a certain signed count of real rational curves in a primitive divisor class on a generic real K3 surface. Our count is invariant under deformations of the surface and yields a non-trivial lower bound for the number of real rational curves in question. The goal is achieved by following Beauville's approach [2] towards the original Yau-Zaslow prediction for the number of complex rational curves on generic K3 surfaces. In the real setting, some of the steps lead to results that may be of independent interest.
We prove, first, that for a real curve of positive geometric genus, the Euler characteristic of each of its compactified Picard varieties vanishes, while for a real rational nodal curve it is not zero and equal to (−1) g w, where g is the genus and w the Welschinger number [22] of the curve. The latter is equal to (−1) s , where s is the number of zero-dimensional components in the real locus of the curve. Counting the real curves with Welschinger signs we arrive to the following statement relating such a signed count with the Euler characteristic of the real locus of a punctual Hilbert scheme.
Theorem A. Let X be a generic real K3 surface admitting a complete real g-dimensional linear system of curves of genus g. If g ≥ 2, assume, in addition, that X is of Picard rank 1 and the curves in the linear system belong to a primitive divisor class. Let n + (respectively, n − ) denote the number of real rational curves in this linear system that have Welschinger sign plus (respectively, minus). Then, n + − n − = (−1) g e(X
[g] R ), n + + n − ≥ |e(X
[g]
R )|, where X [g] is the Hilbert scheme that parametrizes finite subschemes of length g of X as a complex surface, X [g] R is the real locus of X [g] , and e states for the Euler characteristic.
The next result is a real analog of Göttsche's formula [9] . It expresses the generating series for the Euler characteristic of real Hilbert schemes of points on complex surfaces equipped with an anti-holomorphic involution (in particular, defined over the reals) in rather explicit terms.
Theorem B. For any complex surface X equipped with an anti-holomorphic involution, we have: where e R = e(X R ) and e C = e(X).
An immediate consequence of Theorems A and B is the following real version of the Yau-Zaslow formula:
Corollary 0.1. Let X be a generic real K3 surface admitting a complete real g-dimensional linear system of curves of genus g. If g ≥ 2, assume, in addition, that X is of Picard rank 1 and the curves in the linear system belong to a primitive divisor class. Let w g = n + − n − denote the number of real rational curves in this linear system counted with Welschinger sign. Then,
(1) The number w g depends only on genus g and the topology of X R and, in particular, is invariant under equivariant (with respect to complex conjugation) deformations of X. (2) The generating function for w g is as follows:
Terminological convention: In our calculation of Euler characteristic of real varieties we use, in accordance with the conventions specific for integration with respect to Euler characteristic [21] , the cohomology with compact supports (and rational coefficients). This convention allows us to apply the additivity property, e(X) = e(X \ Y ) + e(Y ), to any closed subset Y of X.
1.
The relative compactified Picard varieties 1.1. Preliminaries. We start our study of the enumerative geometry of real K3 surfaces that admit a real g-dimensional system of curves of genus g by an investigation of the relative compactified Picard variety of degree d = g associated with such a linear system of curves.
Recall that, over the complex field (as well as over any algebraically closed field), for any flat projective family C/S of reduced irreducible curves over a reduced irreducible base, and any degree d, there exists a projective family Pic d C/S, whose fibers are the compactified Picard varieties Pic
parametrizing isomorphism classes of rank 1, torsion-free, degree d, coherent sheaves on C s , s ∈ S. Moreover, if C s has only planar singularities, then Pic d (C s ) is reduced and irreducible (see, for example, [7] and [1] ).
Let X be a K3 surface admitting a g-dimensional linear system C of curves of genus g and let us assume, as in Theorem A, that the Néron-Severi group of X is Z and the curves in this linear system provide the generator of the Néron-Severi group. Then all the curves in the linear system are reduced and irreducible, and they form a flat projective family. In this case, the relative compactified Picard varieties Pic d C can be identified with connected components of the moduli space of simple sheaves on X, as proved by Mukai [16] . Furthermore, the varieties Pic d C are nonsingular, see [16] .
When X is equipped with a real structure, i.e., an anti-holomorphic involution c : X → X, we can associate with it a natural real structure on
The following Lemma is well known in the case of line bundles, but we did not find in the literature a corresponding statement for sheaves in the required form.
is not defined over reals, then:
(1) X R is empty.
(2) F carries an anti-automorphism c F : F → F with c 2 F = −1. In particular, under assumption that X R is non empty, a sheaf
) if and only if it is defined over R (equivalently, carries an anti-automorphism of period 2).
Proof. Clearly, the sheaves F ∈ Pic d C that are defined over R belong to
Let us interpret an isomorphism between F and c * F as an anti-automorphism A of F that lifts c : X → X. Over each germ (x, U ) of X pick a generator f U ∈ F(U ). With respect to these generators, the above anti-automorphism is given by a transformation with the
If X R = ∅, then pick x ∈ X R and choose U = c(U ). Applying twice the above transformation to f U , we obtain
F is a simple sheaf, A 2 (as any endomorphism of F) is a multiplication by a constant. This constant should be equal to h U • c · h U , hence, it is positive. Therefore, dividing A by a square root of this constant we get an anti-automorphism of F of period 2.
If X R = ∅, then the constant represented by A 2 gets the local expressions h U • c · h c(U ) and h c(U ) • c · h U . Hence, it is at least real. Therefore, dividing A by a square root of this constant we get an anti-automorphism of period 2 or 4. In the first case, F is defined over the reals. Thus, we can apply Viro-Fubini theorem [21] to this regular real algebraic map and, in such a way, reduce the calculation of the Euler characteristic of Pic Notice that Y ′ R is non-empty if dimY R = 1 (equivalently, Y R contains smooth points), but it may be empty when Y R has only 0−dimensional components.
Regardless whether the curve Y R has smooth real points or not [12, Proposition 21.8.5], we have an exact sequence of group schemes over R :
where H is a direct product of copies of additive and multiplicative real algebraic groups. Since H is divisible, the sequence splits, so Pic Now, let us turn to the case of real rational nodal curves. To understand the topology of the compactified Picard variety associated to such curves, we start by taking a closer look to the complex case.
According to [20] , admissible, that is torsion-free, rank 1, coherent, sheaves F along a nodal curve Y defined over C satisfy the following conditions: a) If p ∈ Y is nonsingular, then the stalk F p is isomorphic to the stalk of the structure sheaf
which case F will be called of Type I at the node p, or F p ≃ O p , in which case F will be called of Type II at the node p. Let n : Y ′ → Y be the partial normalization of Y at a node p, and denote by p 1 and p 2 the two points in the pre-image of p.
If F is a degree d admissible sheaf of Type I at the node p, then the sheaf
Lemma 1.3 (Lemma 3.1 [2] and Seshadri [20] ). Let n : Y ′ → Y be a partial normalization of Y at the nodal point p. The morphism
denote this boundary stratum of Type I admissible sheaves of degree d, and let Pic
, then F ′ = n * F is again an admissible sheaf on Y ′ , locally free at p 1 and p 2 , and deg 
(1.1) has a fiber bundle structure with fiber C * .
Assume, now, again that our real reduced irreducible nodal curve Y of arithmetic genus g is defined over reals. The nodes of Y lie either in Y R , or they come in pairs swapped by the involution c. The nodal points lying in Y R can be either zero-dimensional components of Y R , called solitary points, or they are nodes of the one-dimensional components of Y R , in which case they will be called cross points. In the completion of the local ring, the solitary points are locally given by the equation x 2 + y 2 = 0, while the cross points by x 2 −y 2 = 0. Let r denote the number of cross-points, s the number of solitary points, and t the number of complex conjugated pairs of nodal points of Y. When the curve Y has geometric genus 0, since all the singular points of the underlying complex curve are nodes, we have r + s + 2t = g.
The partial normalization Y ′ at a given node p ∈ Y R , or at a pair of conjugate nodes {q, c(q)} ∈ Y \ Y R has an induced real structure c ′ , and the partial normalization map n : Y ′ → Y is equivariant. Accordingly, the induced maps, n * :
in the case of a real node, as well as n * :
in the case of a pair of conjugate ones, are equivariant as well. In both cases, as well as for any normalization defined over reals, the maps n * and n * send sheaves defined over reals to sheaves defined over reals. With respect to the real structure on Y ′ , for a real nodal point p, the pre-image of p consists of a pair of points {p 1 , p 2 }, which are either smooth points in Y ′ R or conjugate smooth points with respect to c ′ , depending on whether p is a cross point or a solitary point of Y, respectively. For pairs of conjugate nodes {q, c(q)}, the pre-image consists of two pairs of conjugate smooth points {(q 1 , c ′ (q 1 )), (q 2 , c ′ (q 2 ))}.
From the equivariance of the partial normalization map, we immediately get the following real version of Lemma 1.3. 1) In the case of a real nodal point, the induced morphisms
2) In the case of a pair of conjugate nodes, the morphisms
In both cases, the images are the sets Pic 
Proof. Recall [20] that n * : Pic
is a fiber bundle whose fibers are the orbits of the canonical action of the kernel K of n * : Pic
is canonically identified with the space of pairs (G, λ), where λ ∈ Isom(G p 1 , G p 2 ) if we normalize one node, and
) if we normalize two nodes. Since G is locally free and of rank one at the points above the normalized nodes, the set Isom(G p 1 , G p 2 ) can be canonically identified with C * , in the first case, and with C * × C * , in the second case.
If n : Y → Y ′ is real, the real structure acts naturally on K, so that the action of the real part
Since K and, hence, K R act freely, the fibers of the latter fibration are canonically identified with K R which by definition is formed by λ ∈ Kcompatible with the action of the real structure on the stalks of G.
In the case of a partial normalization of a solitary double point, as p 2 = c(p 1 ), the compatibility condition amounts to the commutativity of the following diagram:
which yields λλ = 1, i.e., λ ∈ S 1 . In the case of a partial normalization of a cross point, as p 1 = c(p 1 ) and p 2 = c(p 2 ), the compatibility condition amounts to the commutativity of the following diagram:
which yields λ =λ, i.e., λ ∈ R * . In the case of a partial normalization of a pair of conjugate nodes, the compatibility condition amounts in permuting the factors in Isom(
) which yields λ = (λ ′ , λ ′ ) with λ ′ ∈ C * . Corollary 1.6. Let H R,o denote the fiber of n * . Then e(H R,o ) = −2 if H R,o is R * , and 0 otherwise. 
In the cases that we are interested in, there is no difference between Pic
If n is the partial normalization of a cross-point, from Corollary 1.6 we have e Pic
However, if Y R has a cross point, then its smooth locus is non-empty, and so the smooth locus of Y ′ R is non-empty, as well. But, in this case, tensoring by the ideal sheaf of a smooth real point induces an isomorphism between Pic 
Proof of Theorem A
If g = 1, then X is equipped with a generic real elliptic pencil X → P 1 C and the result follows from Viro-Fubini theorem [21] applied to X R → P 1 R . Let g ≥ 2. According to Chen's theorem [4] , on a generic complex K3 surface of Picard rank 1 all the rational curves in a primitive class are nodal. In our Theorem A, we consider real K3 surfaces of Picard rank 1 that are generic in Chen's sense
1
. The real g-dimensional linear system of curves of genus g, that appears in Theorem A and which we denote by C, is the linear system of curves in the divisor class generating the Picard group. Therefore, by Chen's theorem, the real rational curves in this linear system are all nodal. Furthermore, they are reduced and irreducible.
Since the number of cross points in the real locus of a real nodal rational curve has the same parity as the genus of the curve minus the number of solitary points, we get Theorem A by performing the fiber-wise integration over the Euler characteristic [21] applied to the natural projection Pic g R C → |C| R , which due to Propositions 1.2 and 1.8 gives us w g = (−1) g e(Pic g R C), where w g is the number of real rational curves in the linear system C counted with Welschinger sign. It suffices now to check the following statement. of pairs (C, L), where C ∈ C is smooth, L is invertible, and dimH 0 (C, L) = 1, this map sends such a pair to the unique effective degree
, where then D is considered as a length-g subscheme of X. As is immediate from such a description, this map is equivariant with respect to complex conjugation, that is φ
at each point where φ −1 is well defined.
As is known (see, for example Lemma 2.6 [13] ), the birational map φ induces an isomorphism
with the Hodge structures and Beauville-Bogomolov quadratic forms. In addition, according to above, it commutes with the action of the complex conjugation. Such an isomorphism
an equivariant isomorphism between the local universal deformation spaces of Z = Pic g C and Z ′ = X [g] . The latter spaces are smooth and equipped with a standard action of the complex conjugation (up to an appropriate choice of local coordinates), the fixed points of this action form the local universal spaces of equivariant deformations for (Z, c) and (Z ′ , c), and the above isomorphism being equivariant with respect to complex conjugation induces an isomorphism between these spaces of equivariant deformations. In thus identified local universal spaces of equivariant deformations, pick a smooth real curve germ S = {s t } t∈(R,0) that corresponds to a such generic equivariant deformation of (Z, c) and (Z ′ , c ′ ) that the Picard number of Z t and Z ′ t becomes 0 for all, except countably many, t = 0. Then, Z t and Z ′ t with non exceptional values of t = 0 are isomorphic over C (as it follows, for example, from [14, Theorems 1.3 and 5.1]). This isomorphism provides a diffeomorphism between the real loci of Z t and Z ′ t as soon as it is commuting with the real structures. Clearly, such a commutativity holds, if Z t , or Z ′ t , has no nontrivial automorphisms.
So, to finish the proof it is sufficient to show that any hyperkähler manifold Z with odd second Betti number (in our case, it is 23) and Picard number 0 has no any nontrivial automorphism. For that, we adapt the arithmetical arguments traditional for proving similar statements in the case of K3 surfaces (see, for example, [17] and [6, Appendix D] ).
Let ω be a holomorphic 2−form generating H 0 (Z, Ω 2 ). First, if g * ω = ω, then since Bogomolov-Beauville-Fujiki product with ω embeds H 2 (Z, Z) into C under assumption that the Picard number is 0, the action of g on H 2 (Z, Z) is trivial. Thus, g is the identity cf., [19, Remark 4.2] . Second, once more using the Bogomolov-Beauville-Fujiki pairing embedding in a similar fashion, we observe that if (g k ) * ω = ω, then (g k ) * has no nonzero fixed element in H 2 (Z, Z). Hence, g * , and therefore g, can not be of finite order; indeed, otherwise, according to the latter observation, either g * = −1, which contradicts to preservation of the Kähler cone, or the free abelian group H 2 (Z, Z) will split in some number of irreducible presentations of rank φ(n) of a cyclic group Z/n with n > 2 (here, φ stands for Euler's totient function; as is known, φ(n) is the maximal possible rank), which is impossible since rank H 2 (Z, Z) = 23 and φ(n) is even for any integer n > 2. As a conclusion, the automorphism group is a free abelian group. To show that its rank is 0, we can either adapt D.2.9 from [6] (just taking into account the change of parity of b 2 with respect to the case of K3 surfaces) or apply [18, Corollary 1.6].
3. Proof of Theorem B 3.1. Local punctual Hilbert scheme. The complex conjugation acts naturally on the local punctual Hilbert schemes Hilb n C (0) of C 2 with support at 0 (we abbreviated the usual notation Hilb n (C 2 , 0) for shortness). This action preserves the cellular decomposition of Hilb n C (0) constructed by EllingsrudStrømme [8] . More precisely, this cellular decomposition is based on Bia lynicki-Birula one and is associated with a generic one-parameter subgroup of the torus action on Hilb n C (0) induced by the standard coordinate-wise torus action on C 2 ; this toric action on Hilb n C (0) has a finite number of fixed points, all being real, and it commutes with the complex conjugation. Therefore: each cell of this decomposition is isomorphic to a complex affine space C k , k ∈ N; it is invariant under complex conjugation; and its real part, which is isomorphic respectively to a real affine space R k , provides a real cell of a cellular decomposition of the real part Hilb n R (0) of Hilb n C (0). As a consequence, we can easily use Lemma 2.9 of Göttsche [9] or Theorem 3.3.3 of Cheah [3] to find the generating series for the Euler characteristic of Hilb n R (0).
Proof. Let p(a, b) denote the number of partitions of a whose largest part is b. The arguments of [8] show that the number of 2i−cells of Hilb n C (0) is p(n, n − i), and so the number of i−cells of Hilb n R (0) is p(n, n − i). As in the complex case, applying Euler's generating series (cf., Lemma 2.9 in [9] and Theorem 3. 
As a consequence, the generating series for the Euler characteristic of the real local punctual Hilbert scheme Hilb
3.2. Proof of Theorem B. An anti-holomorphic involution c on a complex surface X induces, in a natural component-wise way, an involution on the symmetric product S n (X). The fixed point locus of the latter, which we denote (as it would be natural in the case of X being the complexification of an algebraic surface defined over the reals) by S n R (X), is distinct from S n (X R ), where X R is the fixed locus of c. Instead, for any n ≥ 1, the following evident decomposition holds:
This decomposition lifts to the following decomposition of the real loci of Hilbert schemes that respects the Hilbert-Chow map:
where α = (α 1 , . . . ) and β = (β 1 , . . . ) denote finite sequences of positive integers, | · | denotes the L 1 -norm, and B ⋉ F stands for fiber bundles with base B and fiber F. The symbol S γ 0 (V ) with γ = (γ 1 , . . . , γ l ) denotes the main stratum of a γ-symmetric power of a space V :
Here, ∆ = {x ∈ V |γ| : x i = x j for i = j} and Σ γ i , i = 1, . . . , l, are the symmetric groups over γ i elements that act in V |γ| by permuting the corresponding coordinates. The fiber bundle structure in the above decomposition implies that the generating function for the numerical sequence e(X R ) naturally splits in a product of two generating functions, one with terms coming from H α (X R ),
and one with terms coming from H β (X ′ C ),
The structure of the latter one is exactly the same as in the motivic formula for the punctual Hilbert schemes of complex surfaces (see, for example, [5] or [10] ), so the standard proofs apply and give us the formula
As to f R , it gets the following expression
where e(S α 0 (X R )) =
and e(k) = e(Hilb k R (0)). According to Proposition 3.1,
Hence (compare the proof of Theorem 2.1 in [5] ),
and the formula (0.1) follows.
From Theorems A and B, the first part of Corollary 0.1 follows immediately, while the second part follows by substituting −q for q. Remark 3.2. For comparison with the punctual Hilbert schemes, let us point that in the case of the symmetric products the generating function has the following shape: n≥0 e(S n R (X))t n = 1 (1 − t) e R (1 − t 2 ) (e C −e R )/2 , as it can be easily seen from (3.1) and Macdonald's formula [15] . , to curves of degree 6 in the projective plane (case g = 2) and surfaces of degree 4 in the projective 3−space (case g = 3), we deduce from Theorem A that:
(1) for any generic real elliptic K3 surface, the elliptic pencil contains at least |e(X R )| real rational curves, (2) any generic real nonsingular plane curve of degree 6 has at least 12 real double tangents (including the real tangents at a pair of imaginary complex conjugate points) and if its real locus consists of 10 ovals placed outside each other, then there are at least 192 real double tangents (recall that 10 is the maximal possible number of ovals when they are placed outside each other), (3) any generic real nonsingular surface of degree 4 in the projective 3−space of Harnack type (that is two-component surfaces with one component of genus 0 and one of genus 10) has at least 1152 real triple tangent planes, and those whose real locus is connected and of genus 10 (thus, of Euler characteristic −18) have at least 1536 real triple tangent planes (including the real planes tangent at a real point and a pair of imaginary complex conjugate points; −18 is the most negative value for the Euler characteristic of real quartic surfaces, and 10 is the maximal value for the genus). The sharpness of the first two bounds is easy to establish by elementary means (in particular, the existence of real elliptic K3 surfaces with connected real locus of Euler characteristic −18 and 18 real singular fibers implies the sharpness of the first bound in the case g = 1, e(X R ) = −18); for the third bound in what concerns Harnack surfaces it can be established by means of tropical geometry, as was kindly communicated to us by Grigory Mikhalkin.
Since the real rational curves without real points give positive inputs into our count, the bound given in Theorem A is sharp also for all real K3 surfaces with the empty real locus.
